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subject to:

Kuhn-Tucker

Minimize(y, 5,) (21— 4)% + (zo — 4)?

2x1 +3x2 > 6
—31'1 — 21’2 2 —12.
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Solution

Note that the minimum (not restricted) of the objective function is at the point (x1,z2) = (4,4), so the
restricted minimum must be located “as close as possible” to this point. The Kuhn-Tucker Lagrangian for

this constrained optimization problem is

L(!El, To, A1, )\2) = (.1'1 — 4)2 + (1‘2 - 4)2 + )\1(6 —2x1 — 31‘2) — )\2(—12 + 3x1 + 21}2).
The Kuhn-Tucker conditions are

8% = 2(zy —4) — 201 — 32 > 0,
xlg—i =121[2(x; —4) — 2X\;1 — 3X9] =0,
%LQ = 2(zy — 4) — 3\ — 2\g > 0,
$2% = x9[2(z2 — 4) — 3A\1 — 2X2] =0,
%:672x173x2 <0,

/\15—;1 = A1(6 —2z1 — 329) =0,
%:12—3321—23:2 <0,
)\gg—){; = A(12 — 321 — 222) = 0.

Together with the non-negativity conditions A\; > 0 and Ao > 0.

Ifx1:0and IQ#O
200 —4) —2X\ — 3A2 > 0
—8—2X\1 —3X2 >0

Then
2(1’2 - 4) - 3)\1 - 2)\2 = O

21‘2—8—3)\1—2/\220
e If both constraints are inactive then Ay = 0 and Ay = 0:
—-8>0

Which is contradictory
o If both constraints are active then A; # 0 and Ag # 0:

6 —3x2 =0
2 =19
And
12 —-225,=0
6 = x9

Which is contradictory
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e If the first constraint is active and the second is inactive, then A; > 0 (with which aaTLl =0)and A2 =0

L
(and g—é < 0). In this case, the condition gT = 0 is expressed as
1

6—21‘1—31‘2:0
1‘2:2

But this implies:

8—L—12 3x0—2%x2<0
Mg -
OL
— =8<0
O0)\a -

Which is contradictory

e If the first constraint is inactive and the second active, it follows that \; = 0 (and g—)ﬁ <0)A>0

(and g—){; = 0). In this case, the condition g—é = 0 become

12—3561—21‘2:0
12—-3%x0—22,=0

1‘2:6
Then
oL
— =2(6—4)—3%x0—2X =0
Og ( ) — 3% 2
4 =2\
Aoy =
Then oL
— =2(0—-4)-2 —3%x2
oL
— =-8—-6=-14
8951

Which contradicts the condition that % >0

If v1 #0 and x5 =0

e If both constraints are inactive then A\; = 0 and Ao = 0: Then

oL _
8.%‘2 N

Which contradicts the condition that g—é >0

200 —4) —3%x0—2%0=—8

o If both constraints are active then A; # 0 and Ag # 0:

6—2x;1—0=0
Then
13123
But
6—L—12 3¥x3—2x0=9
Y o

But this contradicts Z?TL <0
2
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e If the first constraint is active and the second is inactive, then A; > 0 (with which aaTLl =0)and A2 =0

L
(and g—é < 0). In this case, the condition gT = 0 is expressed as
1

6—2x1 —3x0=0
$1:3

Then
oL

— =12 -2 =
By 3%x3 *x0=3

But this contradicts gTL <0
2

o If the first constraint is inactive and the second active, it follows that \; = 0 (and g—/\Ll <0) A >0

(and aaTLz = 0). In this case, the condition g—)@ = 0 become

12 —3x1 — 229 =0
12—-3x21 —2x0=0

Tr, = 4
Then
oL
— =2(4—-4)—-2%x0—-3X =0
81‘1 ( ) * 2
A =0
But this implies
oL
— =2 —4) =3\ —2X2 <0
O (CE2 ) 1 2
Which contradicts
oL
— =2 —4)—3X1 —2X2>0
D ($2 ) 1 2 =2

Ifx1:0andx2:0

Then the first restriction isn’t satisfied

If x1 #0 and 25 # 0

The complementary slackness conditions:

oL

Sﬂlaixl = $1[2($1 - 4) - 2)\1 - 3)\2] = 0,
oL

.132871.2 = 332[2(.132 — 4) — 3/\1 — 2)\2] = O,

imply that g—L =0 and g—,L = 0. From here on we evaluate all the cases:
T o
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e If both constraints are inactive, Ay = 0 (and g—)ﬁ < 0) and Ay = 0 (and g—)@ < 0), the conditions

gle =0 and 8871’2 = 0 are rewritten, respectively, as

2(1‘1 — 4) =0
and

2(.%‘2 - 4) =0.

Solving this system results in the point (4, 4) with A\; = 0 and A2 = 0 as a candidate critical point for
a minimum. But this does not satisfy the following conditions

oL

/\187)\1 = /\1(6 — 21‘1 — 31‘2) = O7
oL

)\267)\2 = )\2(12 - 3.%1 - 2£82) =0.

If the first constraint is active and the second is inactive, then A; > 0 (with which g—/\Ll =0)and Ao =0

AL e s AL _ o OL _ AL _ . .
(and g S 0). In this case, the conditions Ber = 0, Bes = 0 and v 0 are expressed as

2(zy —4) — 2\ =0,

2zy —4) —3A =0

and

6 — 21 =0,

respectively. Solving, the point (x1,x2) = (%, 17) is obtained with A\; = 3. However, this point does
not satisfy the inactive constraint.

If the first constraint is inactive and the second active, it follows that A; = 0 (and 36—)’\:1 <0)X>0

(and g—)‘i = 0). In this case, the conditions (%Ll =0, a% =0 and g—é = 0 become

2(xy —4) — 33Xy = 0,

2xzy—4) =220 =0

and

12 — 3551 — 22112 = O,
respectively. From this, the result is (z1,z2) = (% %) with A\, = % as a candidate for a
minimum.

If both constraints are active, then A\; > 0 (and gTLl = 0) and Ay > 0 (and g—/\i = 0). In this case,

L — oL — ) aL:OandgTZ:Oderivein

8901 - ? 6302

LN

2(3&‘1 — 4) — 2)\1 — 3)\2 = 0,

2(1‘2 - 4) - 3A1 - 2)\2 = 0,
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6—2:1!1—31}2:0

and
12 — 3x1 — 229 = 0.
Solving the above system, we get (z1,22) = (%, —2) with \; = =12 and Ay = 122, However, this

critical point is not a candidate for an optimum because it does not satisfy the condition A\; > 0.

The solution is therefore the point (z1,25) = (?, f—g) together with (A, \y) = (O%) in
which the objective function adopts the value %.
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